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Abstract
In this paper we present a new method in order to transfer boundedness results for operators associated
with Hermite functions to boundedness results for operators associated with Laguerre functions. The tech-
nique relies on an exact point-wise identity relating the heat kernels of both systems. The method that we
present here has the novelty that can be used backwards, that is, boundedness results for Laguerre systems
can be also transfered to boundedness results for Hermite systems. We apply our method in order to get new
properties of some operators in the Laguerre setting. Among others, we mention the description of Riesz
transforms as principal value operators. As an application of the reversibility of the method we characterize
the class of Banach spaces B for which the Riesz transforms (in the Laguerre setting) are bounded from Lp
B
into itself. It is shown that this class coincides with the UMD class.
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We consider the Laguerre differential operator
Lα = 12
{
− d
2
dy2
+ y2 + 1
y2
(
α2 − 1
4
)}
, y ∈ (0,∞), α > −1.
The operator Lα is selfadjoint with respect to the Lebesgue measure on (0,∞), its eigenfunctions
are the complete family of Laguerre orthonormal functions, {ϕαn }∞n=0, defined as
ϕαn (y) =
(
(n+ 1)
(n+ 1 + α)
)1/2
e−y2/2yαLαn
(
y2
)
(2y)1/2,
where {Lαn}∞n=0 are the Laguerre polynomials of type α, see [27, p. 100] and [28, p. 7]. In fact,
Lα
(
ϕαn
)= (2n+ α + 1)ϕαn .
The operator Lα can be “factorized” as
Lα = 12D
∗
αDα + α + 1,
where Dαf = (−α+1/2x + x + ddx )f = xα+1/2 ddx (x−(α+1/2)f ) + xf , and D∗α represents the for-
mal adjoint operator of Dα into L2((0,∞), dx).
In these circumstances, following Stein [24], an important part of the main objects in harmonic
analysis (heat and Poisson semigroups, “Riesz transforms” . . . ) associated with the “Lapla-
cian” Lα can be defined and studied.
The heat semigroup {e−tLα }t>0 associated with Lα , was studied in [25] for α  −1/2 and
in [6] for α > −1. In [25] it was shown that the maximal operator of the heat and Poisson
semigroups are bounded from Lp into itself, 1 < p < ∞, and also from L1 into weak-L1. For
−1 < α < −1/2, a particular boundedness result has appeared, namely there exists an optimal
interval of p’s depending on α for which the heat semigroup is Lp bounded, see [6,13,14].
The Riesz transforms
Rα = Dα(Lα)−1/2 (1.1)
were studied in [22] for α  −1/2 and in [3] for α > −1. Their boundedness from Lp, 1 <
p < ∞, into itself (for certain classes of weights) were proved in [22] for the case α  −1/2.
While for −1 < α < −1/2, see [3], the particular boundedness result appears (also in a weighted
version) parallel to the case of the maximal operator of the heat semigroup.
This topic of describing operators associated with a Laplacian was initiated in the 1960s with
a series of papers authored by Muckenhoupt and Stein, see among them [15–17,19]. In these
papers the case of Hermite, Laguerre and ultraspherical polynomials were treated. In the last
fifteen years and in the particular case of Laguerre function systems a lot of effort has been
employed in this line of thought. Even more, the following Laguerre function systems have also
been considered:
Lαn(x) = (2
√
x )−1/2ϕαn (
√
x ), x ∈ (0,∞), (1.2)
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αn(x) = x−α/2Lαn(x), x ∈ (0,∞). (1.3)
The boundedness in Lp and the (1,1) weak type of the maximal heat semigroups were proved
in [25] for α  0 in the case of the system {Lαn}∞n=0 and for α > −1 in the case of the system{αn}∞n=0. The proof uses some ideas, previously introduced in [16], of breaking the kernel of the
operators into a “local part” and a “global part.” For general α > −1 and for the system {Lαn}∞n=0,
(strong and weak-)Lp boundedness of these maximal operators with power weights has been
proved in [6,13,14]. Again the technique is to analyze the local and the global parts. At this
point we want to be more precise. The best result, contained in [6], it is achieved by proving
that the local part is a “local Calderón–Zygmund operator” (concept introduced in [21]), see
Definition 3.5, and the “global part” is controlled by some Hardy operators. Again a particular
boundedness result appears for −1 < α < 0 in the case {Lαn}∞n=0.
Riesz transforms for the system {Lαn}∞n=0 and α > −1 were studied in [10]. Also the opti-
mal interval of p’s depending on α, for which the operators are Lp bounded, was found. In the
paper [10], the technique was to use a kind of transference from Hermite function systems (in di-
mensions d) to Laguerre function systems of particular index α = d2 −1. This transference relays
on some classic formulae relating Hermite and Laguerre polynomials and was used previously
in [8]. It can be shown that the Riesz transforms are given by a kernel Rα(x, y) in the following
sense. For any function f ∈ L2((0,∞), dx) with compact support
Rα(f )(x) =
∞∫
0
Rα(x, y)f (y) dy, x /∈ supp(f ), (1.4)
where the kernel Rα(x, y) is given by the formula
Rα(x, y) =
∞∫
0
DαWαt (x, y)
dt√
t
,
where Wαt (x, y), t, x, y ∈ (0,∞), represents the heat kernel for the system {ϕαn }∞n=0. The tech-
nique of “local” and “global” parts has also been used for the Riesz transforms, namely in [11]
for the system {Lαn}∞n=0 and α > −1 (again the phenomenon of the interval of p’s depending on
α appears) and in [22] for the system {ϕαn }∞n=0 and α −1/2. We also want to mention that some
d-dimensional results were proved in [20] about the maximal operators and in [22] about Riesz
transforms associated to the system {ϕαn }∞n=0.
The aim of this note is to present a different (and shorter) proof of the results above and
then apply this new method to obtain new results. Our method follows the “local” and “global”
procedure, but the “local” parts of the kernels are compared directly for the case of the system
{ϕαn }∞n=0 with the corresponding local parts of the kernels associated to the Hermite operator in
one dimension, see Lemmas 2.11 and 2.13. The novelty of this method is two-fold:
1. To notice the existence of a pointwise identity between the kernels of the heat semigroups
of Laguerre and Hermite. This identity, formula (2.10), can be used to transfer results from
Hermite in one dimension to Laguerre in one dimension for any index α > −1 (the previous
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for operators associated to Hermite operators, [8] and [10]).
2. The comparison can be used backwards, that is, one can obtain results for operators asso-
ciated to Hermite differential operator from results about operators associated to Laguerre
differential operator.
We apply the method to characterize the Banach spaces B for which the Riesz transforms
are bounded from LpB into itself (see Theorem 4.2) and also to characterize the Köthe Banach
lattices B for which the maximal operator of the heat semigroup is bounded from LpB into itself
(see Theorem 4.1).
We also want to mention that, as a by-product of the proof, we obtain some results that we be-
lieve interesting in themselves, namely we prove that the Riesz transforms associated to Laguerre
differential operators are principal value operators, see arguments before Theorem 4.2. Also we
prove that for principal value operators, satisfying the standard size condition of the kernel, the
information about the boundedness of the operators is contained in the boundedness of the local
part of the corresponding operator, that is the philosophy behind Theorems 3.9 and 3.11 in the
setting of Hermite functions.
In a future work we will use the ideas developed here for studying the Lp-boundedness of
the maximal operator associated with the heat semigroup and Riesz transforms for Laguerre
expansions in higher dimensions.
The organization of the paper is the following. In Section 2 we present the main computations
that we shall need in order to pass from Hermite to Laguerre settings and vice-versa. In Section 3
we discuss some results about Hermite functions that we need along the manuscript. Section 4 is
devoted to state the theorems about vector-valued functions that we present as applications of our
method. Finally in Section 5 we quickly discuss two different Laguerre systems and we present
some theorems for them that are parallel to the results from the system considered in Section 2.
Throughout this paper by C we always denote a suitable positive constant that can change
from one line to another.
2. Technical results
Let H be the second order differential operator (Hermite operator)
H = − d
2
dx2
+ x2.
This operator is selfadjoint with respect to the Lebesgue measure on R, its eigenfunctions are the
complete family of Hermite functions {hn}∞n=0, given by
hn(x) =
(√
π2nn!)−1/2Hn(x)e−x2/2, x ∈R,
where Hn denotes the nth Hermite polynomial. For every n ∈N we have
Hhn = (2n+ 1)hn.
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integral
e−tH f (x) =Wt f (x) =
∞∫
−∞
Wt (x, y)f (y) dy, f ∈ L2(R), (2.1)
being
Wt (x, y) =
∞∑
n=0
e−(2n+1)thn(x)hn(y)
= e−t 1√
π
(
1 − e−4t)−1/2e− 12 1+e−4t1−e−4t (x2+y2)+ 2e−2t1−e−4t xy, x, y ∈ R, t > 0, (2.2)
(see [26,28]). The Hermite operator can be factorized:
H = −1
2
((
d
dx
+ x
)(
d
dx
− x
)
+
(
d
dx
− x
)(
d
dx
+ x
))
.
The Riesz transform
R(f )(x) =
(
d
dx
+ x
)
H−1/2f (x) =
∞∑
n=0
(
2n
2n+ 1
)1/2
hn−1(x)an(f ) (2.3)
was defined in [26,28] for every f ∈ L2(R). Here, for every n ∈ N,
an(f ) =
∞∫
−∞
f (y)hn(y) dy.
They can be extended as bounded operators from Lp(R,w) into itself, for 1 < p < ∞, w ∈ Ap
and from L1(R,w) into L1,∞(R,w) for w ∈ A1. As usual, we write Ap as a shorthand for
the Muckenhoupt classes of weights w. In (2.3) the fractional integral H−1/2 is defined by the
formula H−1/2 = ∫∞0 e−tH dt√t .
It is known that the heat semigroup associated with the Laguerre operator can be described as
the integral
e−tLαf (x) =
∞∫
0
Wαt (x, y)f (y) dy,
where
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∞∑
n=0
e−(2n+1+α)tϕαn (x)ϕαn (y)
= 2(xy)1/2 e
−t
1 − e−2t Iα
(
2xye−t
1 − e−2t
)
e
− 12 (x2+y2) 1+e
−2t
1−e−2t
= √2
(
e−t
1 − e−2t
)1/2( 2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)
e
− 12 1+e
−2t
1−e−2t (x
2+y2)
,
x, y ∈ (0,∞), (2.4)
see [6,25,28]. As usual Iα denotes the modified Bessel function Iα of the first kind and order α.
We shall use the following properties of the functions Iα , see [12]:
Iα(z) ∼ zα, z → 0, (2.5)
z1/2Iα(z) = 1√
2π
ez
(
1 +O
(
1
z
))
, z → ∞, (2.6)
d
dz
(
z−αIα(z)
)= z−αIα+1(z), z ∈ (0,∞). (2.7)
Remark 2.8. For technical reasons that the reader will find in the following computations,
we shall need to consider the operators associated to H2 instead of the operators associated
to H . Observe that supt>0 e−tH = supt>0 e−t
H
2 , H−1/2 = 1√
2
(H2 )
−1/2 and ( d
dx
+ x)H−1/2 =
1√
2
( d
dx
+ x)(H2 )−1/2.
The kernelWt/2 of the operator e−t H2 is given, see (2.2), by
Wt/2(x, y) = e−t/2 1√
π
(
1 − e−2t)−1/2e− 12 1+e−2t1−e−2t (x2+y2)+ 2xye−t1−e−2t , x, y ∈ R. (2.9)
From the formulae (2.4) and (2.9) we deduce the following pointwise relation between the heat
kernels. This identity is the crucial keystone in this note:
Wαt (x, y)−Wt/2(x, y)
=
{√
2π
(
2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y). (2.10)
Now we shall prove two technical lemmas that will be used in a fundamental way in the proofs
of our theorems in Section 4.
Lemma 2.11. There exists C > 0 such that:
(i) Wαt (x, y) Cyα+1/2x−α−3/2, t > 0, 0 < y < x/2;
(ii) Wαt (x, y) Cxα+1/2y−α−3/2, t > 0, y > 2x;
(iii) |Wαt (x, y)−Wt/2(x, y)| C , t > 0, 0 < x < y < 2x.y 2
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be proved as soon as we prove (i). For the proof of (i) we follow some ideas of [6, Section 5,
global case]. We distinguish two cases:
Case 1. xye
−t
1−e−2t  1. We observe that
−1
2
(
x2 + y2)1 + e−2t
1 − e−2t + 2xy
e−t
1 − e−2t = −
(x − e−t y)2 + (y − e−t x)2
2(1 − e−2t ) . (2.12)
Hence, by using the relation (2.6) we get
Wαt (x, y) C
(
e−t
1 − e−2t
)1/2
exp
(
−1
2
|x − e−t y|2 + |y − e−t x|2
1 − e−2t
)
 C
(
e−t
1 − e−2t
)1/2
e−x2/(8(1−e−2t )).
Then, if −1 < α < −1/2,
Wαt (x, y)
C
x
 Cyα+1/2x−α−3/2,
while in the case α > −1/2 we obtain
Wαt (x, y)C
(
xye−t
1 − e−2t
)α+1/2(
e−t
1 − e−2t
)1/2
e−x2/(8(1−e−2t ))
Cyα+1/2x−α−3/2.
Case 2. xye
−t
1−e−2t  1. Now we use the relation (2.5) and we get
Wαt (x, y) C
(
xye−t
1 − e−2t
)α+1/2(
e−t
1 − e−2t
)1/2
e
− 12 (x2+y2) 1+e
−2t
1−e−2t
 C(xy)α+1/2
(
x2 + y2)−α−1
 Cyα+1/2x−α−3/2.
In order to prove (iii) we shall also distinguish the previous cases. In Case 1, formula (2.10) and
estimate (2.6) give
∣∣Wαt (x, y)−Wt/2(x, y)∣∣=
(
e−t
1 − e−2t
)1/2
exp
(
−1
2
|x − e−t y|2 + |y − e−t x|2
1 − e−2t
)
O
(
1 − e−2t
xye−t
)
.
Hence
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(
1 − e−2t
xye−t
)(
e−t
1 − e−2t
)1/2
exp
(
−1
2
|x − e−t y|2 + |y − e−t x|2
1 − e−2t
)
 C
(
1 − e−2t
xye−t
)1/2 1√
xy
 C√
xy
.
As for Case 2, by using (2.5) it follows that
∣∣Wαt (x, y)−Wt/2(x, y)∣∣ ∣∣Wαt (x, y)∣∣+ ∣∣Wt/2(x, y)∣∣
 C
[(
e−t
1 − e−2t
)α+1
(xy)α+1/2 +
(
e−t
1 − e−2t
)1/2
e
2xye−t
1−e−2t
]
e
− 12 1+e
−2t
1−e−2t (x
2+y2)
 C
[
(xy)α+1/2
y2(α+1)
+ 1
y
]
 C
y
. 
Lemma 2.13. Let α > −1 and Rα the kernel considered in (1.4). Then:
(i) |Rα(x, y)| Cyα+1/2x−α−3/2, 0 < y < x/2.
(ii) |Rα(x, y)| Cxα+3/2y−α−5/2, 2x < y.
(iii) |Rα(x, y)−
∫∞
0 (
d
dx
+ x)Wt/2(x, y)| dt√t  Cy (1 +
(xy)1/4
|x−y|1/2 ), 0 < x/2 < y < 2x.
Proof. Consider the kernel
Lαt (x, y) := xα+1/2
d
dx
(
x−(α+1/2)Wαt (x, y)
)+ xWαt (x, y).
We recall for the reader’s convenience that
Rα(x, y) =
∞∫
0
Lαt (x, y)
dt√
t
.
The property of Bessel functions stated in (2.7) produces the following identity:
Lαt (x, y) =
√
2
(
e−t
1 − e−2t
)1/2( 2xye−t
1 − e−2t
)1/2
Iα+1
(
2xye−t
1 − e−2t
)(
2ye−t
1 − e−2t
)
e
− 12 1+e
−2t
1−e−2t
(
x2+y2)
− √2
(
e−t
1 − e−2t
)1/2( 2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)(
2xe−2t
1 − e−2t
)
e
− 12 1+e
−2t
1−e−2t (x
2+y2)
= √2π
(
2xye−t
1 − e−2t
)1/2
Iα+1
(
2xye−t
1 − e−2t
)(
2ye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t Wt/2(x, y)
−√2π
(
2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)(
2xe−2t
1 − e−2t
)
e
− 2xye−t
1−e−2t Wt/2(x, y).
The proof will follow, with the obvious modifications, the pattern of the proof of Lemma 2.11.
In order to prove (i) we shall distinguish two cases. In Case 1, that is 2e−t xy1−e−2t  1, (2.6) and
formula (2.12) lead to
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(
e−t
1 − e−2t
)3/2
e
− |x−e−t y|2+|y−e−t x|2
2(1−e−2t )  Cx
(
e−t
1 − e−2t
)3/2
e
− x2
8(1−e−2t ) .
Then, when −1 < α < −1/2, we have
∫
2e−t xy
1−e−2t 1
∣∣Lαt (x, y)∣∣ 1√
t
dt
 Cx
(( ∫
{0t1, 2e−t xy
1−e−2t 1}
+
∫
{1t∞, 2e−t xy
1−e−2t 1}
)(
e−t
1 − e−2t
)3/2
e
− x2
8(1−e−2t ) 1√
t
dt
)
 Cx
( 1∫
0
t−2e−c1x2/t dt + e−c1x2
)
 C 1
x
 C 1
x
(
y
x
)α+1/2
 Cyα+1/2x−α−3/2.
If α > −1/2, we can write
∫
2e−t xy
1−e−2t 1
∣∣Lαt (x, y)∣∣ 1√
t
dt  Cx
∫
2e−t xy
1−e−2t 1
(
2e−t xy
1 − e−2t
)α+1/2(
e−t
1 − e−2t
)3/2
e
− x2
8(1−e−2t ) dt√
t
 Cx(xy)α+1/2
∞∫
0
(
e−t
1 − e−2t
)α+2
e
− x2
8(1−e−2t ) 1√
t
dt
 Cx(xy)α+1/2
( 1∫
0
t−α−3/2e−c1x2/t dt
t
+ e−c1x2
)
 C x(xy)
α+1/2
x2α+3
Cyα+1/2x−α−3/2.
In Case 2, that is 2e
−t xy
1−e−2t  1, the use of (2.5) (observe that zα+1  zα for z → 0) implies
∣∣Lαt (x, y)∣∣ Cx(xy)α+1/2
(
e−t
1 − e−2t
)α+2
e
− 12 (x2+y2) 1+e
−2t
1−e−2t .
Then we get
∫
2e−t xy
−2t 1
∣∣Lαt (x, y)∣∣ dt√
t
 Cx(xy)α+1/2
(( 1∫
0
+
∞∫
1
)(
e−t
1 − e−2t
)α+2
e
− 12 (x2+y2) 1+e
−2t
1−e−2t 1√
t
dt
)1−e
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( 1∫
0
t−α−3/2e−c1(x2+y2)/t dt
t
+ e−c1(x2+y2)
)
 C (xy)
α+1/2x
(x2 + y2)α+3/2
 Cyα+1/2x−α−3/2.
The proof of (i) is finished. To show (ii) we can proceed in a similar way. Assume that 2e−t xy1−e−2t  1(Case 1). From (2.6) and (2.14) we get
∫
2e−t xy
1−e−2t 1
∣∣Lαt (x, y)∣∣ 1√
t
dt
 Cy
( 1∫
0
(
2e−t xy
1 − e−2t
)α+3/2
t−2e−c1y2/t dt +
∞∫
1
(xy)α+3/2e−c1y2e−t dt
)
 Cy(xy)α+3/2
( 1∫
0
t−α−5/2e−c1y2/t dt
t
+ e−c1y2
)
 C y(xy)
α+3/2
y2α+5
.
In Case 2, by using (2.14) and (2.5) we get
∣∣Lαt (x, y)∣∣ Cy(xy)α+3/2
(
e−t
1 − e−2t
)α+3
e
− c1y2
1−e−2t +Cx(xy)α+1/2
(
e−t
1 − e−2t
)α+2
e
− c1y2
1−e−2t .
Then ∫
2e−t xy
1−e−2t 1
∣∣Lαt (x, y)∣∣ 1√
t
dt
C
(
y(xy)α+3/2
[ 1∫
0
t−α−5/2e−c1y2/t dt
t
+ e−c1y2
]
+ x(xy)α+1/2
[ 1∫
0
t−α−3/2e−c1y2/t dt
t
+ e−c1y2
])
Cxα+3/2y−α−5/2.
Thus the proof of (ii) is complete. In order to prove (iii) we observe that, by using (2.7) we have
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d
dx
(
x−(α+1/2)Wαt (x, y)
)+ xWαt (x, y)−
(
d
dx
+ x
)
Wt/2(x, y)
= −
(
x(1 + e−2t )
1 − e−2t
){√
2π
(
2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y)
+
(
2ye−t
1 − e−2t
){√
2π
(
2xye−t
1 − e−2t
)1/2
Iα+1
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y)
+ x
{√
2π
(
2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y)
= −
(
2xe−2t
1 − e−2t
){√
2π
(
2xye−t
1 − e−2t
)1/2
Iα
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y)
+
(
2ye−t
1 − e−2t
){√
2π
(
2xye−t
1 − e−2t
)1/2
Iα+1
(
2xye−t
1 − e−2t
)
e
− 2xye−t
1−e−2t − 1
}
Wt/2(x, y).
In Case 1, that is 2e
−t xy
1−e−2t  1, (2.6) and formula (2.2) lead to
∣∣Dαt (x, y)∣∣ C x1 − e−2tWt/2(x, y),
and
∣∣Dαt (x, y)∣∣C 1yWt/2(x, y).
Now, by making the change of variables e−t = 1−s1+s we have
∫
2e−t xy
1−e−2t 1
∣∣Dαt (x, y)∣∣ dt√
t
 C
(
(xy)1/4
y
1/2∫
0
s−5/4e−(x−y)2/4s ds
+ x
1∫
1/2
(−(1 − s) log(1 − s))−1/2e−s(x+y)2/4 dsg
)
 C
y
(
1 + (xy)
1/4
|x − y|1/2
)
.
Now for Case 2 we have by using (2.5)
∣∣Dαt (x, y)∣∣
 C
(
x
(
e−t
1 − e−2t
)3/2(
e−t xy
1 − e−2t
)α+1/2
e
− 12 (x2+y2) 1+e
−2t
1−e−2t +Cx
(
e−t
1 − e−2t
)
Wt/2(x, y)
)
= Dαt,1(x, y)+Dt,2(x, y).
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2e−t xy
1−e−2t 1
Dt,1(x, y)
dt√
t
C 1
y
.
On the other hand, by proceeding as in the Case 1, we obtain that
∫
2e−t xy
1−e−2t 1
Dt,2(x, y)
dt√
t
 C 1
y
. 
3. Some technical results in the Hermite setting
This section contains some results about operators related with Hermite differential operator.
In the present paper the section could be considered a technical part of the paper, in order to
have a more smooth presentation of the results about Laguerre operators. Nevertheless in our
opinion the section has interest in itself and it presents some interesting results in themselves. Of
course one of the crucial points of the section is the behaviour of the “restriction” operators to the
half-line. In order to produce a clear presentation of these restrictions we introduce the following
notation.
Definition 3.1. Let B be a Banach space. Given a measurable function f : (0,∞) → B , we shall
denote by f ↑ to the extension function f ↑ :R→ B defined by
f ↑(x) =
{
f (x), x > 0,
0, x  0.
Given a measurable function g :R → B , we shall denote by g↓ to the restriction function
g↓ : (0,∞) → B defined as
g↓(x) = g(x), x > 0.
According to this notation, if S is an operator acting on B-valued measurable functions g on R,
the operator S↓ is defined on B-valued measurable functions f on (0,∞) by
S↓(f )(x) = S
(
f ↑
)
↓(x), x ∈ (0,∞). (3.1)
Definition 3.2. Let B1 and B2 be two Banach spaces and let Ω be either R or (0,∞). Given
an operator L defined on LpB1(Ω) for some p, 1  p < ∞, we say that L is a principal value
operator with associated kernel K(x,y), (K(x,y) ∈ L(B1,B2), x, y ∈ Ω , x 
= y) if
L(f )(x) = lim
ε→0+
∫
{y∈Ω, |x−y|>ε}
K(x,y)f (y) dy, a.e. x ∈ Ω, f ∈ LpB1(Ω).
For further reference, we state the following proposition, whose proof is left to the reader.
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is a principal value integral operator defined on LpB1(R, dx) with associated kernel K(x,y),
x, y ∈ R (see Definition 3.2). Assume that the kernel K satisfies
(a) ‖K(x,y)‖L(B1,B2)  C|x − y|−1, x 
= y (size condition), and
(b) for all x, y ∈ R, either K(x,y) = K(−x,−y), or K(x,y) = −K(−x,−y) (“signum” con-
dition).
Then S↓ is a principal value integral operator on LpB1((0,∞), dx) with associated kernel
K(x,y), x, y ∈ (0,∞).
Moreover the operator S is bounded from LpB1(R, dx) into L
p
B2
(R, dx), if and only if the
operator S↓ is bounded from LpB1((0,∞), dx) into L
p
B2
((0,∞), dx). Also, the operator S is
bounded from L1B1(R, dx) into L
1,∞
B2
(R, dx), if and only if the operator S↓ is bounded from
L1B1((0,∞), dx) into L
1,∞
B2
((0,∞), dx).
Definition 3.3. Let 1  p < ∞ and let B1 and B2 be two Banach spaces. Let T be a princi-
pal value integral operator with associated kernel K(x,y), x, y ∈ (0,∞). We define the “local
part” T loc of the operator T as
T locf (x) = p.v.
∞∫
0
K(x,y)χ(x/2,2x)(y)f (y) dy, a.e. x ∈ (0,∞), f ∈ LpB1
(
(0,∞), dx).
(3.3)
In the proof of the next proposition, and also somewhere else latter in the paper, we shall need
some results about Hardy type operators. The strong Lp-boundedness for Hardy operators with
power weights were established long time ago and they can be found in most harmonic textbooks,
weak type results can be found in [1]. See also [6,18]. In order to be precise, we define them and
stated the boundedness results that we shall need.
Given real numbers β and η, let Hβ0 and H
η∞ the operators of Hardy type defined by
H
β
0 f (x) = x−β−1
x∫
0
f (y)yβ dy,
H
η∞f (x) = xη
∞∫
x
f (y)y−η−1 dy.
Lemma 3.4. Let β > −1, η > −1.
(i) If 1 < p < ∞ and γ < βp + p − 1, then Hβ0 is of strong type (p,p) on R+ with measure
xγ dx.
(ii) If γ  β , then Hβ0 is of weak type (1,1) with respect to the measure xγ dx.
(iii) Let 1 <p < ∞ and −ηp − 1 < γ . Then Hη∞ is of strong type (p,p) with measure xγ dx.
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= 0) or −1 < γ (η = 0). Then Hη∞ is of weak type (1,1) with
respect to the measure xγ dx.
Proposition 3.5. Let B1 and B2 be two Banach spaces, T be an operator defined for measurable
functions f : (0,∞) → B1, and K be a kernel satisfying condition (a) in Proposition 3.2.
If T is a principal value operator on LpB1((0,∞), dx), for some 1 < p < ∞, with associated
kernel K , K(x,y), x, y ∈ (0,∞), then the following assertions are equivalent.
(i) T is bounded from LpB1((0,∞), dx) into L
p
B2
((0,∞), dx).
(ii) The operator T loc, see (3.3), is bounded from LpB1((0,∞), dx) into L
p
B2
((0,∞), dx).
Also, if T is a principal value operator on L1B1((0,∞), dx) with associated kernel K(x,y),
x, y ∈ (0,∞), then the following assertions are equivalent.
(iii) T satisfies T :L1B1((0,∞), dx) → L
1,∞
B2
((0,∞), dx).
(iv) The operator T loc satisfies T loc :L1B1((0,∞), dx) → L
1,∞
B2
((0,∞), dx).
Proof. Let f ∈ LpB1((0,∞), dx), 1 p < ∞. We have
∥∥T (f )(x)− T loc(f )(x)∥∥
B2

∥∥∥∥∥
∞∫
0
K(x,y)χ(x/2,2x)c (y)f (y) dy
∥∥∥∥∥
B2
 C
( x/2∫
0
+
∞∫
2x
g
)
1
|x − y|
∥∥f (y)∥∥
B1
dy
 C
(
1
x
x/2∫
0
∥∥f (y)∥∥
B1
dy +
∞∫
2x
1
y
∥∥f (y)∥∥
B1
dy
)
 C
(
H 00
(∥∥f (y)∥∥
B1
)
(x)+H 0∞
(∥∥f (y)∥∥
B1
)
(x)
)
, a.e. x ∈ (0,∞).
Then, we use Lemma 3.4 and we finish the proof of the proposition. 
The notions of “local standard kernel,” “local Calderón–Zygmund” and “local Ap weights”
were introduced and studied by Nowak and Stempak in [21]. We shall need that notions for
functions whose values are taken in some Banach space. In particular we give the following
definitions.
Definition 3.4. Let B1, B2 be two Banach spaces. A (B1,B2)-local standard kernel is a function
K defined on (0,∞) × (0,∞) \ {(x, x): x ∈ (0,∞)} such that, for every x, y ∈ (0,∞), x 
= y,
K(x,y) ∈ L(B1,B2) and
(i) ‖K(x,y)‖L(B1,B2)  C|x − y|−1, x/2 < y < 2x.
(ii) ‖K(x,y)−K(x, z)‖L(B1,B2) C|y − z||x − y|−2, if |x − y| > 2|y − z|, x/2 < y,z < 2x.
(iii) ‖K(x,y)−K(x, z)‖L(B1,B2) C|x − z||x − y|−2, if |x − y| > 2|x − z|, x/2 < y,z < 2x.
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L2B1((0,∞), dx) is a (B1,B2)-local Calderón–Zygmund operator if:
(i) T is bounded from L2B1((0,∞), dx) into itself.(ii) There exists a local standard (B1,B2)-kernel K such that
T (f )(x) =
2x∫
x/2
K(x,y)f (y) dy, a.e. x /∈ supp(f ),
for all f ∈ Cc((0,∞),B1), where Cc((0,∞),B1) denotes the spaces of B1-valued continu-
ous functions having compact support on (0,∞).
Definition 3.6. Let w be a nonnegative weight on (0,∞). We say w ∈ Alocp , 1 <p < ∞, when
sup
0<u<v<2u
1
v − u
( v∫
u
w
)1/p( v∫
u
w−p′/p
)1/p′
< ∞.
In the case p = 1, we say that w ∈ Aloc1 provided that
sup
0<u<v<2u
(
1
v − u
v∫
u
w
)
ess sup(u,v) w−1 < ∞.
It is not hard to see that, for every σ ∈ R, the function wσ (x) = xσ , x ∈ (0,∞), is in Alocp , for all
1 p < ∞.
A satisfactory theory of vector-valued local Calderón–Zygmund theory can be developed as in
the case of classical Calderón–Zygmund operators, see [23]. In particular the following theorem
(vector-valued analogue of [21, Theorem 4.3]) can be proved.
Theorem 3.6. Let B1 y B2 be two Banach spaces. Let T be a (B1,B2)-local Calderón–Zygmund
operator.
(i) Given p,1 < p < ∞, and w ∈ Alocp , the operator T is bounded from LpB1((0,∞),w(x)dx)
into LpB2((0,∞),w(x)dx).
(ii) The operator T is bounded from L1B1((0,∞),w(x)dx) into L
1,∞
B2
((0,∞),w(x)dx) for any
weight w ∈ Aloc1 .
Given a Banach space B and T a bounded linear operator from Lp(R) into itself, then T can
be linearly extended in a natural way to the tensorial product Lp(R)⊗B , by
T
(
n∑
fkbk
)
=
n∑
T (fk)bk, (3.7)k=1 k=1
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L
p
B(R) when the operator defined in (3.7) satisfies
‖Tf ‖LpB(R)  C‖f ‖LpB(R), f ∈ L
p(R)⊗B.
If T is positive, that is Tf  0, when f  0, then, for any Banach space B , T has a bounded
extension to LpB(R). There are some particular operators whose vector-valued extension has been
studied deeply and extensively, producing sometimes special classes of Banach spaces. Probably
one of the most named classes is the so called “UMD” property.
We recall that the UMD property for Banach spaces was introduced by Burkholder in a prob-
abilistic setting. For a Banach space B the UMD property is equivalent to the fact that the Hilbert
transform admits a B-valued extension to LpB(R) for some (any) 1 < p < ∞ [4,5]. Recently,
see [2], UMD property for a Banach space B has been characterized for the LpB -boundedness of
the Riesz transforms defined in (2.3).
Let (Ω,F , dμ) be a complete σ -finite measure space. A Banach space B consisting of equiv-
alence classes modulo equality almost everywhere of locally integrable real functions on Ω is
called a Köthe function space if the following conditions hold:
(i) If |x(ω)| |y(ω)| a.e. on Ω , x is measurable and y ∈ B , then x ∈ B and ‖x‖ ‖y‖.
(ii) For every E ∈F with μ(E) < ∞, the characteristic function χE of E belongs to B .
Every Köthe function space is a Banach lattice under the natural order:
x  0 if, and only if x(ω) 0 a.e. ω ∈ Ω.
If B is a Köthe function space, J is a finite subset of the set Q+ of the positive rational
numbers, and f is a locally integrable B-valued function defined on R, we define
MJ (f )(x) = sup
r∈J
1
r
x+r∫
x−r
∣∣f (y)∣∣dy, x ∈R.
We say that B has the Hardy–Littlewood property when there exists p ∈ (1,∞) such that, for
every J ⊂Q+, J finite, ∥∥MJ (f )∥∥LpB(R) C‖f ‖LpB(R),
where C > 0 is not depending on J . Banach lattices with Hardy–Littlewood property for Köthe
function spaces was introduced in [7]. In [9] the Hardy–Littlewood property for a Köthe Ba-
nach lattice is characterized by using maximal operators associated with the heat and Poisson
semigroups in the Ornstein–Uhlenbeck context. In the following theorem we obtain new char-
acterization of the Hardy–Littlewood property in terms of the LpB -boundedness of the maximal
operator for the heat semigroup in the Hermite setting.
We shall consider the maximal operatorW∗ defined as
W∗f (x) = sup∣∣Wt f (x)∣∣,
t>0
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In this case we give the following definition. Let B be a Köthe function space, and f be a
measurable function f : [0,∞) → B . The “local part” of the maximal operator is defined as
W∗locf (x) := sup
t>0
∣∣(Wt )loc↓ (f )(x)∣∣, (3.8)
where | · | denotes absolute value in the lattice and Wt , (Wt )↓ (Wt )loc↓ are defined as in (2.1),
(3.1) and (3.3), respectively.
Theorem 3.9. Let B be a Köthe function space. The following properties are equivalent.
(i) B has the Hardy–Littlewood property.
(ii) The maximal operator W∗ is bounded from LpB(R,w(x)dx) into itself, for every 1 <
p < ∞ and w ∈ Ap(R).
(iii) The maximal operator W∗ is bounded from L1B(R,w(x)dx) into L1,∞B (R,w(x)dx), for
every w ∈ A1(R).
(iv) The maximal operatorW∗loc, defined above in (3.8), is bounded from LpB((0,∞), dx) into
itself, for some 1 <p < ∞.
(v) The maximal operatorW∗loc, defined above in (3.8), is bounded from L1B((0,∞), dx) into
L
1,∞
B ((0,∞), dx).
(vi) The maximal operator W∗loc, defined above in (3.8), is bounded from LpB((0,∞), xσ dx)
into itself, for every 1 <p < ∞ and σ ∈R.
(vii) The maximal operator W∗loc, defined above in (3.8), is bounded from L1B((0,∞), xσ dx)
into L1,∞B ((0,∞), xσ dx), for every σ ∈ R.
Proof. We will prove that (i) ⇒ (ii) ⇒ (iii) ⇒ (i) and then (ii) ⇔ (iv) ⇔ (vi) and (iii) ⇔
(v) ⇔ (vii).
It is known, see [9, Theorem 1.13], that a Köthe Banach lattice has the Hardy–Littlewood
property if, and only if the maximal operator supt |e−tOg(x)| is bounded from L2B(R, e−x
2
dx)
into itself where O= − 12+ x.∇ represents the Ornstein–Uhlenbeck operator.
We consider the map U :L2(R, e−x2 dx) → L2(R, dx) defined by Ug(x) = g(x)e−x2/2. It is
clear that ‖Ug‖L2(R,dx) = ‖g‖L2(R,e−x2dx). Moreover U ◦e−tO = e−t (H−1)◦U , where H denotes
the Hermite operator. Therefore a Köthe Banach lattice has the Hardy–Littlewood property if and
only if the maximal operator supt>0 |e−t (H−1)| is bounded from L2B(R, dx) into itself.
Observe that supt>0 |Wt g(x)| = supt>0 |e−tH (g)(x)|  supt>0 |e−t (H−1)(g)(x)|. On the
other hand,
sup
t>0
∣∣e−t (H−1)(g)(x)∣∣ sup
0<t1
∣∣e−t (H−1)(g)(x)∣∣+ sup
t>1
∣∣e−t (H−1)(g)(x)∣∣
 e sup
0<t1
∣∣e−tH (g)(x)∣∣+ sup
t>1
∣∣e−t (H−1)(g)(x)∣∣
 e sup
t>0
∣∣Wt (g)(x)∣∣+ sup
t>1
∣∣e−t (H−1)(g)(x)∣∣.
Let g =∑nk=1 ckhk , where ck ∈ B , k = 1, . . . , n. Hence
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t1
∣∣et e−tH g(x)∣∣∥∥∥
B
=
∥∥∥∥∥supt1
∣∣∣∣∣
∫
R
n∑
k=1
e−t2khk(x)hk(z)g(z) dz
∣∣∣∣∣
∥∥∥∥∥
B

n∑
k=1
e−2k
∣∣hk(x)∣∣
∥∥∥∥
∣∣∣∣
∫
R
hk(z)g(z) dz
∣∣∣∣
∥∥∥∥
B

n∑
k=1
e−2k
∣∣hk(x)∣∣‖hk‖L2(R,dx)‖g‖L2B(R,dx).
Therefore as ‖hk‖L2(R,dx) = 1 we get
∥∥∥sup
t1
∣∣et e−tH g(x)∣∣∥∥∥
L2B(R,dx)

n∑
k=1
e−2k‖g‖L2B(R,dx).
Hence we conclude that a Banach lattice has the Hardy–Littlewood property if and only if (ii) is
satisfied for p = 2. Now we shall sketch the proof of (i) ⇔ (ii) ⇔ (iii). The proof will be based
in a (nowadays) well-known vector-valued argument. Define the operator S as
g → Sg = {Wt g}t>0. (3.10)
The fact that (ii) is satisfied for p = 2 is equivalent to say that the operator S is bounded from
L2B(R, dx) into L
2
B(L∞)(R, dx). Moreover, by making computations similar than the ones pre-
sented in [26] we can see that S is associated with a Calderón–Zygmund kernel on R. Hence, by
using standard vector-valued Calderón–Zygmund theory (ii) follows, and also (iii) (see [7]). For
the converse implication we can follow the ideas in [7].
We now prove (ii) ⇒ (iv) and (iii) ⇒ (v). It is sufficient to apply successively Propositions 3.2,
3.5 and Theorem 3.6 to the vector-valued operator S, defined in (3.10), mapping B-valued mea-
surable functions into B(L∞)-measurable functions. Observe that the kernel of the operator S is
given by K(x,y) = {Wt (x, y)}t , x, y ∈R. This kernel clearly satisfies the signum condition (b)
in Proposition 3.2. As for the size condition (a) in Proposition 3.2 and the smoothness conditions
required in Theorem 3.6 we refer to [26], since following the ideas in that paper it can be proved
that, for x, y ∈ R, x 
= y,
∥∥K(x,y)∥∥
L∞(0,∞)  C|x − y|−1,
and
∥∥∂xK(x, y)∥∥L∞(0,∞) + ∥∥∂yK(x, y)∥∥L∞(0,∞)  C|x − y|−2.
For the converse implications (iv) ⇒ (ii) and (v) ⇒ (iii), we apply Propositions 3.5 and 3.2.
To show (ii) ⇔ (vi) and (iii) ⇔ (vii) we can argue in a similar way. 
We now state the theorem which characterizes the UMD property for a Banach space B in
terms of the LpB -boundedness of the local Riesz transform associated with the Hermite opera-
tor H .
844 J. Betancor et al. / Journal of Functional Analysis 254 (2008) 826–850Theorem 3.11. Let B be a Banach space. The following properties are equivalent.
(i) B has the UMD property.
(ii) The Riesz transform R is bounded from LpB(R,w(x)dx) into itself, for every 1 < p < ∞
and w ∈ Ap(R).
(iii) The Riesz transformR is bounded from L1B(R,w(x)dx) into L1,∞B (R,w(x)dx), for every
w ∈ A1.
(iv) The operatorRloc↓ , see (3.1) and (3.3), is bounded from LpB((0,∞), dx) into itself, for some
1 <p < ∞.
(v) The operator Rloc↓ , see (3.1) and (3.3), is bounded from L1B((0,∞), dx) into
L
1,∞
B ((0,∞), dx).
(vi) The operator Rloc↓ , see (3.1) and (3.3), is bounded from LpB((0,∞), xσ dx) into itself, for
every 1 <p < ∞ and σ ∈R.
(vii) The operatorRloc↓ is bounded from L1B((0,∞), xσ dx) into L1,∞B ((0,∞), xσ dx), for every
σ ∈R.
Proof. We follow the lines of the proof for Theorem 3.9. In the present case it is already known,
see [2, Theorem 2.3], (i) ⇔ (ii) ⇔ (iii). The Riesz transformR is a Calderón–Zygmund operator
on R, see [26], that can be described as a principal value operator, see [2]. Hence Rloc↓ can be
defined and is a local Calderón–Zygmund operator on (0,∞). Moreover the kernel K of the
Riesz transform satisfies that K(x,y) = −K(−x,−y), for every x, y ∈ R, x 
= y. Then to see
that (ii) ⇔ (iv) ⇔ (vi) and that (iii) ⇔ (v) ⇔ (vii) we can apply Propositions 3.2, 3.5, and
Theorem 3.6. 
Note that the results established in this section also hold if the Hermite operator H is replaced
by the operator 12H . Indeed, the heat semigroup {Wt }t>0, associated with the operator 12H is
defined by Wt =Wt/2, t > 0.
4. Laguerre setting
In this section we obtain new characterizations for the Köthe function spaces having the
Hardy–Littlewood property and for the UMD Banach spaces by using the suitable operators
in the Laguerre setting.
The maximal operator associated with the heat semigroup for the Laguerre differential opera-
tor Lα is, as usual, defined by
Wα,∗(f ) = sup
t>0
∣∣Wαt (f )∣∣.
Theorem 4.1. Let B be a Köthe function space. The following statements are equivalent.
(i) B has the Hardy–Littlewood property.
(ii) The maximal operator Wα,∗ is bounded from LpB((0,∞), dx) into itself for some 1 <
p < ∞, when α > −1/2, and such that 2/(2α + 3) < p < −2/(2α + 1), when −1 < α 
−1/2.
(iii) The maximal operator Wα,∗ is bounded from LpB((0,∞), xσ dx) into itself for every 1 <
p < ∞ and −1 − p(α + 1/2) < σ < p(α + 3/2)− 1 .
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sup
t>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)f (y) dy
∣∣∣∣∣
 sup
t>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)χ{y<x/2}(y)f (y) dy
∣∣∣∣∣+ supt>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)χ{2x<y}(y)f (y) dy
∣∣∣∣∣
+ sup
t>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)χ{x/2<y<2x}(y)f (y) dy
∣∣∣∣∣.
Then, by using Lemma 2.11, we get
∥∥∥∥∥supt>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)f (y) dy
∣∣∣∣∣
∥∥∥∥∥
B
 CHα+1/20
(‖f ‖B)(x)+CHα+1/2∞ (‖f ‖B)(x)
+
∥∥∥∥∥supt>0
∣∣∣∣∣
∞∫
0
Wαt (x, y)χ{x/2<y<2x}(y)f (y) dy
∣∣∣∣∣
∥∥∥∥∥
B
.
Hence, according to Lemma 3.4 we conclude that the hypothesis (iii) is equivalent to
(iii)′ The maximal operator Wα,∗(f ) = supt>0 |Wα,loct (f )(x)| is bounded from LpB((0,∞),
xσ dx) into itself for 1 <p < ∞ and −1 − p(α + 1/2) < σ < p(α + 3/2)− 1.
Again by using Lemma 2.11 we see that
∣∣Wα,∗f (x)−W∗locf (x)∣∣ C
2x∫
x/2
1
y
f (y)dy.
But the local operator f → ∫ 2x
x/2
1
y
f (y) dy is bounded LpB((0,∞), xγ dx) into itself for every γ ∈
R and every Köthe Banach lattice B . The equivalence (i) ⇔ (iii)′ follows now from Theorem 3.9.
Analogously (i) ⇔ (ii) follows from Theorem 3.9 in a similar way. 
We now obtain the characterization of the Banach spaces having the UMD property by using
Riesz transforms associated with the Laguerre operators. In the way of proving the corresponding
theorem, we shall need some ideas developed in Section 3, in particular we need to know that the
Riesz transforms defined in (1.1) are principal value operators. In order to show this property we
shall use some results that go back to Muckenhoupt’s pioneer paper [17]. Consider the differential
operator
Πα = −2
(
y
d2
2 + (α + 1 − y)
d
)
, α > −1, y > 0.dy dy
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the Laguerre polynomials Lαk , in fact ΠαL
α
k (y) = 2kLαk (y). In [17] it is proved that the op-
erator
√
y d
dy
(Πα)
−1/2 is a principal value operator in L2((0,∞), yαe−y dy). It is an exer-
cise to repeat the corresponding arguments in [17] and show that the operator √y d
dy
(Πα +
α+ 1)−1/2 is a principal value operator in L2((0,∞), yαe−y dy). Now we consider the isometry
Ξα :L
2((0,∞), yαe−y dy) → L2((0,∞), dy) given by
Ξα(f )(y) = (2y)1/2yαe− y
2
2 f
(
y2
)
.
This isometry satisfies
(Πα + α + 1)f = (Ξα)−1 ◦ Lα ◦Ξαf and
√
y
d
dy
(Πα + α + 1)−1/2f = (Ξα)−1 ◦ Rα ◦Ξαf.
Therefore the Riesz transforms Rα defined in (1.1) are principal value operators in the space
L2((0,∞), dy).
Next we establish our characterization of the UMD Banach spaces.
Theorem 4.2. Let α > −1 and let B be a Banach space. Then the following statements are
equivalent.
(i) B has the UMD property.
(ii) Riesz transforms Rα admit a bounded extension from LpB((0,∞), dx) into itself, for some
max{1,2/(2α + 3)} <p < ∞.
(iii) Riesz transforms Rα admit a bounded extension from LpB((0,∞), xσ dx) into itself, for
every 1 <p < ∞ and −p(α + 3/2)− 1 < σ < p(α + 3/2)− 1.
Proof. The comments that we made before this theorem allow us to write
Rα(f )(x) =
( x/2∫
0
+p.v.
2x∫
x/2
+
∞∫
2x
)
Rα(x, y)f (y) dy, f ∈ L2
(
(0,∞), dx).
Then, by using Lemma 2.13(i) and (ii), and Lemma 3.4, we conclude that Rα is bounded from
L
p
B((0,∞), xσ dx) into itself, with 1 < p < ∞ and −p(α + 3/2) − 1 < σ < p(α + 3/2) − 1,
if and only if Rlocα is bounded from L
p
B((0,∞), xσ dx) into itself. Even more, the new use of
Lemma 2.13(iii) allows us to conclude that Rα is bounded from LpB((0,∞), xσ dx) into itself,
with 1 < p < ∞ and σ ∈ R, if and only if the operator Rloc↓ (defined in Theorem 3.11) admits a
bounded extension from LpB((0,∞), xσ dx) into itself. Therefore by using Theorem 3.11 we get
the present theorem. 
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Let V and Wα be the operators defined by
Vf (y) = (2√y )−1/2f (√y ), Wαf (y) = y− α2 (2√y )−1/2f (√y ),
for f a measurable function with domain on (0,∞). For further reference we state the following
lemma, whose simple proof is left to the reader.
Lemma 5.1. Let α > −1.
(i) Let 2δ = γ + p2 − 1, then ‖Vf ‖Lp(yδ dy) = 2−
1
2 + 1p ‖f ‖Lp(yγ dy).
(ii) Let γ = (2α + 1)(p2 − 1) + 2ρ, then ‖Wαf ‖Lp(yρ, dμα) = 2−
1
2 + 1p ‖f ‖Lp(yγ ,dy), where
dμα(y) = yα dy.
The orthonormal system considered in (1.2) is the family of eigenfunctions of the second
order (selfadjoint with respect to the Lebesgue measure on (0,∞)) differential operator
Lα = −2
(
y
d2
dy2
+ d
dy
− y
4
− α
2
4y
)
, y > 0.
In fact
Lα
(Lαk )= (2k + α + 1)Lαk . (5.2)
For these functions the following derivatives were defined in [10]:
Dα = 2
{√
y
d
dy
+ 1
2
(√
y − α√
y
)}
.
The actions on the corresponding Laguerre functions are given by
Dα
(Lαk )= −2√kLα+1k−1 . (5.3)
If we denote by (Dα)∗ the formal adjoint of Dα with respect to the Lebesgue measure, it follows
that
Lα − (α + 1) = 12 (Dα)
∗Dα.
Accordingly, we can define the Riesz transforms for the Laguerre function expansions as
Rα = Dα(Lα)−1/2, α > −1.
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tions of the second order (selfadjoint with respect to the measure dμα(y) = yα dy on (0,∞))
differential operator
Lα = −2
(
y
d2
dy2
+ (α + 1) d
dy
− y
4
)
.
More explicitly
Lα
α
k = (2k + α + 1) αk . (5.4)
The operator Lα can be “factorized” as
Lα − (α + 1) = 12 (Dα)
∗Dα,
where Dα = 2(√y ddy + 12
√
y) and (Dα)∗ is the formal adjoint of Dα with respect to the mea-
sure dμα . Furthermore,
Dα
α
k (y) = −2
√
k
√
yα+1k−1 (y). (5.5)
In this setting the Riesz transform is defined by
Rα =Dα(Lα)−1/2, α > −1.
Proposition 5.6. Let α > −1 and let f be a finite linear combination of Laguerre functions {ϕαk }.
Then
(i) e−tLαf = V −1e−tLαVf = (Wα)−1 e−tLαWαf ;
(ii) Rαf = V −1Rα Vf = (Wα)−1RαWαf .
Proof. Observe that ϕαk = V −1Lαk = (Wα)−1αk . Hence, in order to prove the proposition we just
use the fact
Dα
(
ϕαk
)= −2√kϕα+1k−1
jointly with (5.2)–(5.5). 
Theorem 5.7. Let B a Banach space. Let α > −1, 1 <p < ∞, δ,ρ and σ be real numbers. Then
the following are equivalent.
(i) The Banach space B is UMD.
(ii) The operator Rα has a bounded extension from LpB((0,∞), yσ dy) into itself, for σ satisfy-
ing
−p
(
α + 3
2
)
− 1 < σ < p
(
α + 3
2
)
− 1.
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−1 − α + 1
2
p < δ <
αp
2
+ p − 1.
(iv) The operator Rα has a bounded extension from LpB((0,∞), yρ dμα) into itself, for ρ in the
range
−1 − α − p/2 < ρ < (α + 1)(p − 1).
Proof. The equivalence between (i) and (ii) has been proved in Section 4. The equivalence
among (ii)–(iv) can be deduced easily from Lemma 5.1 and Proposition 5.6. 
A parallel theorem to Theorem 5.7 can be proved in the case of Hardy–Littlewood property
and heat maximal semigroups.
The Lp-behaviour of the Riesz transforms associated with Laguerre expansions in the end-
points of the intervals specified in the last theorem is known, see [11]. It is an interesting question
to describe the Banach spaces for which the maximal operator for the heat semigroup and Riesz
transforms in the Laguerre setting satisfy the suitable boundedness Lp-properties (weak type or
restricted weak type) in those endpoints.
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